An (s, t)-union intersecting family is a family of k-sets on an n-set X such that
Introduction and Main Result
1.1. Erdős-Ko-Rado theorem and its generalization. Let n and k be two positive integers such that n ≥ k. The symbol [n] stands for the set {1, . . . , n}. The family of k-element subsets (or k-sets) of [n] is denoted by [n] k . A family F ⊆ [n] k is said to be intersecting if the intersection of every two members of F is non-empty. If all members of F contain a fixed element of [n], then it is clear that F is intersecting family. We call such a family star or trivial. For each i ∈ [n], the family S i = {A ∈ [n] k |i ∈ A} is a maximal star. The well-known Erdős-Ko-Rado theorem [8] states that every intersecting subfamily of [n] k has the cardinality at most n−1 k−1 provided that n ≥ 2k; moreover, if n > 2k, then the only intersecting subfamily of this cardinality are maximal stars.
As a generalization of the Erdős-Ko-Rado theorem, Hilton and Milner [19] showed that for n > 2k the maximum possible size of a nontrivial intersecting family F of [n] k is n−1 k−1 − n−k−1 k−1 + 1. Furthermore, equality is possible only for a family F which is isomorphic to HM or HM ′ , the latter can hold only for k ≤ 3, where HM, HM ′ is defined as follows. Let A family F is called a Hilton-Milner family if F is isomorphic to a subfamily of HM or k ∈ {2, 3} and it is isomorphic to a subfamily of HM ′ . Note that for 2 ≤ k ≤ 3, we have | HM | = | HM ′ | and if n > 2k and k ≥ 4, | HM | > | HM ′ |. Some other interesting extensions of the Erdős-Ko-Rado theorem and the Hilton-Milner theorem have since been proved, for instance see [1, 2, 4, 5, 9, 10, 11, 13, 14, 15, 16, 17, 18, 21, 23, 25, 26, 27, 29] .
The Erdős-Ko-Rado theorem determines the maximum size of an intersecting family of k-sets on [n] and the Hilton-Mlner theorem shows that a nontrivial intersecting family has cardinality at most n−1 k−1 − n−k−1 k−1 + 1. Beyond the Hilton-Milner theorem, it was shown by Hilton and Milner [19] the maximum size of a nontrivial intersecting family which is not a subfamily of a Hilton-Milner family is at most n−1 k−1 − n−k−1 k−1 − n−k−2 k−2 + 2. In fact they proved the following interesting and useful result (see [18, 19] ).
Theorem A. [19] Let n, k and s be positive integers with min{3, s} ≤ k ≤ n 2 and let F = {A 1 , . . . , A m } be an intersecting family on [n]. If for any S ⊂ [m] with |S| > m − s, we have ∩ i∈S A i = ∅, then
Moreover, the bounds in Eq (1) are best possible.
Recently Han and Kohayakawa gave a different and simpler proof for the previous theorem. Moreover, they characterized all extremal families achieving the bounds in Eq (1) . For more detail see [18] . In this regard they defined the following two constructions.
Let n, k be positive integers with 3 ≤ k < n 2 and let F be an intersecting family of k-sets on [n]. Furthermore, assume that F is neither a subfamily of a star nor a Hilton-Milner family. Then | F | ≤ | J 2 |. For k = 4, equality holds if and only if F = J 2 , G 2 or G 3 ; for every other k, equality holds if and only if F = J 2 .
In [23] , Kostochka and Mubayi proved that the size of intersecting family which is neither a star, nor a Hilton-Milner family nor is contained in J 2 is at most | J 3 | for k ≥ 5 and sufficiently large n = n(k). Also, more recently Kupavskii [26] extended this result and showed that the same result when 5 ≤ k < n 2 . Theorem C. [23, 26] Let n, k be positive integers with 5 ≤ k < n 2 and let F be an intersecting family of k-sets on [n]. Furthermore, assume that F is neither a subfamily of a star, nor of a Hilton-Milner family, nor of J 2 . Then | F | ≤ | J 3 |. Moreover, Equality holds if and only if F = J 3 .
1.2.
Induced G-free subgraphs of Kneser graphs and (s, t)-union intersecting families. Let n ≥ 2k. The Kneser graph KG n,k is a graph whose vertex set is [n] k where two vertices are adjacent if their corresponding sets are disjoint. From another point of view the Erdős-Ko-Rado theorem [8] determines the maximum independent set of Kneser graphs. By this fact that an independent set in a graph G is a subset of vertices contains no subgraph isomorphic to K 2 , the following questions were asked in [1] . Given a graph G, how large a family F ⊆ [n] k must be chosen to guarantee that KG n,k [F] has some subgraph isomorphic to G? What is the structure of the largest subset F ⊆ [n] k for which KG n,k [F] has no subgraph isomorphic to G? The previous problem have been investigated before for some specific forbidden subgraphs. If G = K 2 , the answer is the Erdős-Ko-Rado theorem. For the cases G = K 1,t and G = K s,t , this question has been studied in [1, 15, 22] .
If G = K s , the question is equivalent the Erdős matching conjecture [6] and it has been studied extensively in the literature (see [7, 12, 28, 3, 6, 14, 20] ). As the best result in this regard, Frankl [11] confirmed the Erdős matching conjecture for n ≥ (2s + 1)k − s.
Also, the previous problem can be considered as a vertex Turán problem as follows. Given a host graph H(here Kneser graph KG n,k ) and a forbidden graph G, what is the size and the structure of the largest set U ⊆ V (H) such that the induced subgraph H[U] is G-free?
In [1] , Alishahi and the author determined the size and the structure of the largest subfamily F such that the induced subgraph KG n,k [F ] is G-free provided that n is sufficiently large. We need to define a special subgraph of a graph H to state the next theorem. A subgraph of H is called special if removing its vertices from G reduces the chromatic number by one.
Theorem D. [1]
Let k ≥ 2 be a fixed positive integer and G be a fixed graph. Let χ(G) denote its chromatic number and let η(G) denote the minimum possible size of a color class of G over all possible proper χ(G)-colorings of G. There exists a threshold N(G, k) such that for any n ≥ N(G, k) and for any F ⊆ [n] k , if KG n,k [F ] has no subgraph isomorphic to G, then
Moreover, equality holds if and only if there is a (χ(G) − 1)-set L ⊆ [n] such that
and KG n,k [F \( i∈L S i )] has no subgraph isomorphic to a special subgraph of G.
A family of k-sets F on [n] is said to be an (s, t)-union intersecting family if for each
It is clear that a family F is an (s, t)-union intersecting family if and only if KG n,k [F] is K s,tfree. As a generalization of Erdős-Ko-Rado theorem in [22] Katona and Nagy showed that for sufficiently large n any (s, t)-union intersecting family has cardinality at most n−1 k−1 + s − 1. Alishahi and the present author improved this result and moreover characterized the extremal case (see [1] ). Also, in [1] an asymptotic Hilton-Milner type theorem was proved for a K s,t -Free subfamily of [n] k . More recently as an extension of this result an accurate result was proved by Grebner et al [16] . In fact they showed that a Hilton-Milner type theorem for a K s,t -Free subfamily of [n] k is true. Moreover, by using this extension they determined the size and the structure of the second largest subfamily F such that KG n,k [F ] is G-free, when G is an even cycle C 2s or a complete multi-partite graph K s 1 ,s 2 ,...,s r+1 where s r+1 ≥ 2 for sufficiently large n.
Let F s,t be the family
For a family F and an integer r ≥ 2 let ℓ r(F ) , denote the minimum number m such that by removing m sets from F, the resulting family has no r pairwise disjoint sets.
Theorem E. [16] For any 2 ≤ s ≤ t and k there exists N = N(s, t, k) such that if n ≥ N and F is a family with ℓ 2 (F ) ≥ s and KG n,k [F ] is K s,t -free, then we have | F | ≤ n−1 k−1 +s−1. Moreover, equality holds if and only if F is isomorphic to some F s,t .
In the case K 1,t -free(or (1, t)-union intersecting) subfamily of [n] k , in [1] it was proved that every (1, t)-union intersecting family with at least n−1
Moreover, It was posed a conjecture that sufficiently large n one can replace the term (t−1) 2k−1 k−1 by 1. In the proof of Theorem E in [16] the condition s ≥ 2 is necessary. Our main motivation for this study is the mentioned conjecture and theorems.
When s = 1 and t ≥ 2, we have the following theorem giving a result stronger than the previous theorem. Theorem 1. Let n, k and t be positive integers such that k ≥ 4, t ≥ 2, and n is sufficientlylarge. Any (1, t)-union intersecting family F ⊆ [n] k contained in no star has cardinality at most
Equality holds if and only if F is ismorphic to
Now we define the family of k-sets J 2,t on [n] as follows
Theorem 2. Let n, k and t be positive integers such that k ≥ 5, t ≥ 2, and n is sufficiently large. Let F be a (1, t)-union intersecting family that is not contained in any star or F t has cardinality at most
Equality holds if and only if F is ismorphic to some J 2,t .
Definition 3. Let n, k, s and β be fixed positive integers. Let
and β be fixed positive integers such that β ≤ (s − 1)k − 1 and n = n(s, t, k, β) is sufficiently large. Letβ be the largest positive integer such that
Equality holds if and only if F is isomorphic to
Proofs
We start this section by stating a result on the number of edges of a K s,t -free graph and a result on the number of disjoint pairs in a family of k-sets F . Theorem G. [24] For any two positive integers s ≤ t, If G is a K s,t -free graph with n vertices, then the number of edges of G is at most
.
Proof of Theorem 1. For a contradiction, suppose that
) and until there exists some disjoint pair in F i , choose A i ∈ F i and B i ∈ N(A i ). Let m be the largest index i for which F i contains some disjoint pair. For m + 1 ≤ j ≤ 2m, set A j = B 2m−j+1 and B j = A 2m−j+1 . One may check that the family{ (A 1 , B 1 ) , . . . , (A 2m, B 2m )} satisfies the condition of Theorem ?? for l = k and consequently m ≤ 2k−1 k−1 . Let N be a subfamily of k-subset of [n] which is defined as follows
Since F is (1, t)-union intersecting one can verify that | N | ≤ 2m(t − 1). Note that F m+1 is an intersecting family and F is disjoint union of F m+1 and N . Define F A = F m+1 ∪{A 1 , . . . , A m } and F B = F m+1 ∪{B 1 , . . . , B m }. In the rest of the proof we will need the next claim. For simplicity of notation, define
Assume that k ≥ 4. Consider the following cases (1) For some i = j, F A and F B are contained in S i and S j respectively. Therefore
(3) Both F A and F B are not star and F A is a subfamily of a Hilton-Milner family. There N(B 1 ) ). One can check that | F | ≤ N 2 + 2m(t − 1) + 1. Note that in all above cases | F | ≤ max{N 2 + (2m + 1)(t − 1), n−1 k−1 − n−k−1 k−1 + t}. In the following, we show that
Therefore the equality
). This yields | F | ≤ N 2 + 2t − 2 which is not possible provided that n is sufficiently large. Hence F is isomorphic to J 1,t .
Proof of Theorem 2. For a contradiction, suppose that | F | ≥ N 2 +2t+1. Since | F | ≥ N 2 +3, by Theorem A (or Theorem B) there exists some disjoint pair in F . Hereafter let the notation be as in the proof of Theorem 1. Assume that k ≥ 5. Consider the following cases.
(1) For some i = j, F A and F B are contained in S i and S j respectively. Therefore
(2) For some j, F A contained in S j and F B is not a star, i.e. ∩ F ∈F B F = ∅. Consider the following subcases.
Hence F m+1 \(N(B ′ ) ∪ N(B ′′ )) has cardinality at most N 3 . Since
(c) m = 1 and |N(A 1 )| ≤ 2. First note that if |N(A 1 )| = 1, then F = F m+1 ∪{B 1 }∪ (N(B 1 ) ∩ F ). If N(B 1 ) ∩ F ⊆ S j , then F is a subfamily of F t which is not possible. Therefore, we can assume that N(
Both F A and F B are not star and F A is contained in a Hilton-Milner family. Without loss generality assume that there exists some A ′ ∈ F A such that F A \{A ′ } is contained in a star, say S j . Consider the following subcases.
(c) j ∈ A 1 and m ≥ 2. If j ∈ B 1 , after changing the role of A 1 and B 1 , F A will be star which is not the case. Therefore one may assume that j ∈ B 1 . Since F A is a subfamily of a Hilton-Milner family, j is a member of A 2 and hence j ∈ B 2 . Therefore F m+1 ⊆ S j \(N(A 1 ) ∪ N(B 1 ) ∪ N(B 2 )) and | F | ≤ N 3 + 2m(t − 1) (d) j ∈ A 1 and m = 1. Similar to (3c) we may assume that j ∈ B 1 . Therefore F m+1 ⊆ S j \(N(A 1 ) ∪ N(B 1 )) and | F | ≤ N 2 + |N(A 1 ) ∪ N(B 1 )| ≤ N 2 + 2t − 2. (4) Both F A and F B are neither a subfamily of a star nor of the Hilton-Milner family and either F A or F B is not a subfamily of J 2 . Without loss of generality assume that F A is not a subfamily of J 2 . Theorem C yields that | F A | ≤ N 3 + 2. Therefore | F | ≤ N 3 + 2 + m(2t − 3). (5) Both F A and F B are neither a subfamily of a star nor of the Hilton-Milner family and F A and F B are isomorphic to some subfamily of J 2 . There are A ′ , A ′′ ∈ F A such that j ∈ A ′ ∪ A ′′ . First assume that j ∈ A 1 . Hence j ∈ B 1 . Therefore,
and hence | F | is at most N 3 + 2m(t − 1) + 2. Now let j ∈ A 1 . We may assume that j ∈ B 1 because otherwise we change the role of A 1 and B 1 . Also there exists some N(B 1 ) ) and | F | is at most N 3 + m(2t − 2) + 1.
In all cases we showed that | F | is at most max{N 3 + (2m + 2)(t − 1), N 2 + 2t}. As we show then N 3 + (2m + 2)(t − 1) ≤ N 2 + 2t provided that n is sufficiently large.
Note that only in Subcase 2b the equality | F | = N 2 +2t can hold. Therefore we can assume that for some j ∈ [n] F A ⊆ S j , m = 2, j ∈ B 1 ∪ B 2 , and F m+1 ⊆ S j \ (N(B 1 ) ∪ N(B 2 ) ). We must have | F m+1 ∪{B 1 , B 2 }| = N 2 + 2 and |(N(
. This yields | F | ≤ N 3 + 3t − 2 which is not possible provided that n is sufficiently large.
Before the proof of Theorem 3, let us state an interesting lemma from [16] . It would be mentioned that it seems the proof of Lemma 2 in [16] is not complete (see Lemma 2.4 in [16] ). Here we prove a strong generalization of Lemma 2.
Lemma 2. [16]
Let s ≤ t and let A 1 , A 2 , . . . , A s+1 be k-sets on [n] such that 1 ∈ ∪ s+1 i=1 A i . Suppose that F ′ be a subfamily of S 1 such that for F = F ′ ∪{A 1 , A 2 , . . . , A s+1 } the induced subgraph of KG n,k [F] is K s,t -free. Then
Lemma 3. Let k, s and β be fixed positive integers and n = n(k, s, β) is sufficiently large.
holds if and only if |T A 1 ,...,A s+β | = ⌊ (s+β)k β+1 ⌋. Proof. For abbreviation let T A 1 ,...,A s+β = T β . If 1 ∈ A and A ∩ T β = ∅, then A is disjoint from at most s − 1 sets of A 1 , A 2 , . . . , A s+β . Therefore
Now we prove the right side of the inequality. One can check that |T A 1 ,...,A s+β | ≤ ⌊ (s+β)k β+1 ⌋. For any P ⊆ [s + β], define U P = ∪ i∈P A i .
Claim 2.
(a) For every nonnegative integer b,
Proof. For each 0 ≤ b ≤ β, assume that A ∈ S 1 \ S 1 (A 1 , . . . , A s+β ) is disjoint from exactly s+ b sets of A 1 , . . . , A s+β . A contributes 1 on the right side of the equality and the contribution of A to the sum on the left side is
First assume that |T β | < ⌊ (s+β)k β+1 ⌋. Now by using Claim 3 we have
Let U 0 , U 1 be two multisets and define as follows
, |P | = s + i, i is even, and U P has multiplicity
), say γ. For i = 0, 1, let U i be equipped with an ordering i such that U P i U Q whenever |U P | ≤ |U Q |. Now, For i = 0, 1, one can assume that U i,1 i U i,2 0 · · · i U i,γ are all members of U i . Note that U 1,1 = T β . Now by this notation we have
The number of terms in the summation
which is less than n−|T β |−2 k−2 provided that n is sufficiently large. 
Therefore, A is disjoint from at least s k-subsets of A 1 , A 2 , . . . , A s+β . On the other hand, if A is disjoint from at least s k-subsets of A 1 , A 2 , . . . , A s+β , then it is clear that each element of A appears in at most r ≤ β of A i s and hence A ∩ T β = ∅. Therefore, | S 1 \ S 1 (A 1 , . . . , A s+β )| = n−|T β |−1
Proof of Theorem 3. Let F be a K s,t -free family of [n] k with ℓ(F ) ≥ s + β and cardinality
We consider the following three cases.
. Hence, by Hilton-Milner Theorem F ′ is a subfamily of a star. Now consider the following two subcases. such that |T (A 1 , A 2 , . . . , A s+β )| = ⌊ (s+β)k β+1 ⌋ and F i ∈ S 1 \(S 1 (A 1 , A 2 , . . . , A s+β )). (b) |T (A 1 , A 2 , . . . , A s+β ′ )| < ⌊ (s+β)k β+1 ⌋. Since F is an (s, t)-union intersecting family every s k-sets of A i s such as A i 1 , . . . , A is are disjoint from at most t − 1 k-subsets in F ′ . Therefore | F ′ | ≤ | S 1 (A 1 , . . . , A s+β ′ )| + s + β ′ s (t − 1). . . . , A s+β ′ )| = O(n k−2 ).
Now by applying Lemma 3 we obtain
Hence, | F | ≤ n − 1 k − 1 − n − ⌊ (s+β ′ )k β ′ +1 ⌋ − 1 k − 1 provided that n is sufficiently large.
(2) s +β + 1 ≤ ℓ(F ) ≤ M 1− 1 3s . Let F ′ be a largest intersecting family of F . | F ′ | is at least M − M 1− 1 3s . Because of β ≤ (s − 1)k − 1 we have ⌊ (s+β)k β+1 ⌋ ≥ k + 1. Hence,
Therefore | F ′ | is more than n−1 k−1 − n−k−1 k−1 + 1 provided that n is sufficiently large. Hence, the Hilton-Milner theorem yields that the k-sets in F ′ share a common element. Now by applying Lemma 3 for F ′ and one of s +β + 1 k-subsets of F \ F ′ , we obtain . Therefore,
| F | is less than M if n is sufficiently large. and by Theorem G F contains a subgraph which is isomorphic to K s,t when n is sufficiently large.
